We calculate microscopically the properties of the dilute 3 He component in a 3 He -4 He-mixture. These depend on both, the dominant interaction between the impurity atom and the background, and the Fermi liquid contribution due to the interaction between the constituents of the 3 He component. We first calculate the dynamic structure function of a 3 He impurity atom moving in 4 He. From that we obtain the excitation spectrum and the momentum dependent effective mass. The pole strength of this excitation mode is strongly reduced from the free particle value in agreement with experiments; part of the strength is distributed over high frequency excitations. Above k ≥ 1.7Å −1 the motion of the impurity is damped due to the decay into a roton and a low energy impurity mode. Next we determine the Fermi-Liquid interaction between 3 He atoms and calculate the pressure-and concentration dependence of the effective mass, magnetic susceptibility, and the 3 He -3 He scattering phase shifts. The calculations are based on a dynamic theory that uses, as input, effective interactions provided by the Fermi hypernetted-chain theory. The relationship between both theories is discussed. Our theoretical effective masses agree well with recent measurements by Yorozu et al. (Phys. Rev. B 48, 9660 (1993)) as well as those by R. Simons and R. M. Mueller (Czekoslowak Journal of Physics Suppl. 46, 201 (1996)), but our analysis suggests a new extrapolation to the zero-concentration limit. With that effective mass we also find a good agreement with the measured Landau parameter F a 0 .
I. INTRODUCTION
Many ground state properties of 3 He - 4 He mixtures, in particular the energetics of the system and the local structure, are today quite well understood both experimentally 1 and theoretically from a microscopic point of view.
2 With "microscopic" we mean that one postulates no more knowledge than the empirical Hamiltonian that contains only a local two-body interaction (recent work uses most frequently the Aziz 3 interaction) and the masses of the two species of particles. This paper builds on our previous studies of ground state properties of 3 He - 4 He mixtures 2 and properties of single 3 He impurities 4 in 4 He. These calculations have produced an overall accuracy of the energetics of the order of a few tenths of a percent for all experimentally accessible densities and concentrations.
To specify our notation we use in the following Greek subscripts α, β, . . . ∈ {3, 4} to refer to the particle species (a 3 He or a 4 He particle), and Latin subscripts i, j, . . . as in the r i to refer to the individual particles. The prime on the summation symbol in Eq. (1.1) indicates that no two pairs (i, α), (j, β) can be the same. The number of particles of each species is N α , and N = N 3 + N 4 is the total number of particles in the system. In terms of the 3 He concentration x we have
and the corresponding densities ρ (α) = N α /Ω are inversely proportional to the volume Ω occupied by the whole fluid.
The overall most successful microscopic theory of the helium liquids is the JastrowFeenberg variational method 5, 6 which uses a variational ansatz for the ground state wave function of the form Ψ 0 ({r Here Φ 0 ({r (3) i }) is the Slater determinant of plane waves ensuring the antisymmetry of the Fermion component of the wave function. The functions u (αβ) (r i , r j ) and u (αβγ) (r i , r j , r k ) are the pair and triplet correlations; the species superscripts determine the type of correlation. An essential part of the method is the optimization of the ground state correlations by the variational principles [7] [8] [9] δE 0 δu (αβ) (r i , r j ) = 0 , δE 0 δu (αβγ) (r i , r j , r k ) = 0 , (
where
is the variational energy expectation value. Details of the procedure, and the necessary working formulas have been discussed at length in Ref. 2 .
II. DYNAMICS OF A SINGLE 3 HE ATOM
This section briefly reviews our method 10, 4 to calculate the dynamics of an impurity atom in the host liquid 4 He in its ground state with the wave function Ψ(r 1 , ..., r N ). The Jastrow-Feenberg wave function for the ground state of a single impurity atom in 4 He is easily derived from the wave function (1.3) The coordinate r 0 refers to the 3 He atom and r 1 . . . r N to the 4 He atoms. Results for ground state calculations with this wave function have been reported elsewhere. 4 They are consistent with the low concentration limit of the calculations of Ref. 2 and in quantitative agreement with experiments.
The dynamics of an impurity atom is determined by its response to a weak, external time-dependent perturbation U ext (r 0 ; t). A natural generalization of the wave function (2.1) for a moving impurity atom is to allow for time-dependent correlations. The kinematic and dynamic correlations are separated by writing the wave function in the form Φ(t) = e −iE N+1 t/h Ψ (3) (r 0 , r 1 , ...r N ; t)/ Ψ (3) (t) | Ψ (3) (t) , (2.2) where E N +1 is the variational ground state energy of the N + 1 particle system, and Ψ (3) (r 0 , r 1 , ...r N ; t) contains the time-dependent correlations, Ψ (3) (r 0 , r 1 , ...r N ; t) = exp 1 2 δu (3) (r 0 ; t) + N i=1 δu (34) (r 0 , r i ; t) Ψ (3) (r 0 , r 1 , ..., r N ) .
3)
The time-dependent components of the wave function are determined by an action principle, searching for a stationary value of the action integral
where H (3) is the Hamiltonian of the impurity-background system, obtained from Eq. (1.1) for N 3 = 1.
We make two assumptions in the evaluation of the action integral. First we require that the pair-and triplet correlation functions in the ground state are optimized. This is important because it eliminates all contributions to the action integral (2.4) that are linear in the time-dependent correlation functions. Then we assume that the perturbation is weak which allows us to keep only the quadratic terms in δu (3) (r 0 ; t) and δu (34) (r 0 , r i ; t). The expression (2.4) simplifies because the potential energy term commutes with the timedependent part of the wave function and we are left with second-order terms originating from the kinetic energy and the time derivative only.
10,4
The variation of the action integral with respect to δu (3) (r 0 ; t) and δu (34) (r 0 , r i ; t) leads to one-and two-particle continuity equations, respectively, 10, 4 ∇ 0 · j (3) (r 0 ; t) + ∂ ∂t δρ (3) (r 0 ; t) = 2ρ (3) h U ext (r 0 ; t) (2.5)
∇ 0 · j (34) (r 0 , r 1 ; t) + ∇ 1 · J (34) (r 0 , r 1 ; t) + ∂ ∂t δρ (34) (r 0 , r 1 ; t) = 2 h U ext (r 0 ; t)ρ (34) (r 0 , r 1 ) . (2.6)
We have kept only the time dependent parts of the full densities. The transition currents are defined in terms of the fluctuating one-particle density and pair correlation function:
¿From the calculation of the ground state properties of the impurity we need here the impurity-background pair and triplet distribution functions ρ (34) (r 0 , r 1 ) and ρ (344) (r 0 , r 1 , r 2 ), respectively.
We assume that an infinitesimal external potential drives the system with a given frequency and wavelength, and the system responds with a density fluctuations of the same frequency and wavelength. This determines the linear response function
The inverse of the response function can be calculated from the Fourier transform of the continuity equations. The Fourier transform of the density fluctuations is defined as follows 11) and analogously for the external potential. The poles of χ (3) (k, ω) determine the elementary excitations; their dispersion relation is obtained from the first continuity equation by settingŨ ext (k, ω) = 0. This leads to the implicit equationh
with the self-energy
Here S (34) (p) is the 3 He -4 He structure function, t (3) (k) the kinetic energy of the impurity and ǫ (4) (p) the background phonon-roton spectrum. The function β (34) k,ω (p) will be defined below. The linear response function has then a simple form
This is the density-density response function of the 3 He component in the dilute limit. The response function is related to the Green's function through
and n q is the Fermi distribution. In the dilute limit, we have n q = δ q,0 and Eq. (2.15) reduces to Eq. (2.14) or, vice versa, the first part of Eq. (2.14) can also be regarded as the single-particle Green's function. The imaginary part of the linear response function defines the dynamic structure function 17) which can be measured in scattering experiments. The contributions of the elementary excitations can be separated out as a delta-function,
Herehω p is the solution of Eq. (2.12) and S m (k, ω) is the contribution of the modes that make the self energy complex. This becomes possible when the denominator in Eq. (2.13) becomes positive for some value of p,
If the condition (2.19) is satisfied, then it is kinematically possible that the 3 He impurity loses energy by emitting a phonon-roton mode ǫ (4) (p) while making a transition into a lowenergy impurity mode t (3) (k + p). The strength of the pole Z(k) can be evaluated from the derivative of the self energy,
The second continuity equation (2.6) can be written in the Fourier space and formulated as a linear integral equation for β (34) k,ω (p), which is related to the fluctuating pair correlation function as discussed in the Appendix. The integral equation sums ladder diagrams up to infinite order,
with the kernel
Here we need the static structure function S (44) (k) of the background and the triplet correlation functionũ (344) with one impurity. Details of the derivation of the above equation are given in the Appendix.
The singularity structure of Eq. (2.21) is the same as that of the self energy. For real frequencies ω the imaginary part of β (34) k,ω (q) is zero if the energy denominator is negative for all values of q. Modes with an energyhω high enough to satisfy the inequality (2.19) can decay into a phonon-roton mode and the solution has a non-zero imaginary part.
The long-wavelength limit of the excitation energy defines the hydrodynamic effective mass m *
Inserting this into Eq. (2.12) we get 25) where ω 0 =hk 2 /2m * H . Using Eq. (2.23) we find that in the long-wavelength limit the pole strength is inversely proportional to the effective mass,
In the so-called "uniform limit approximation" 5 one neglects all coordinate-space products of two functions, i.e. we approximate, for example, ρ (34) (r 0 , r 1 )δu (34) (34) (r 0 , r 1 ), but convolution products are retained. Then, β 27) This together with the equations (2.24) and (2.25) gives the "un-renormalized effective mass" derived by Owen.
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III. FERMI LIQUID INTERACTIONS
Up to this point, we have considered only the interaction of one single 3 He atom with the host liquid. Further interesting effects arise from the interaction between pairs of 3 He atoms and the specific dynamics imposed on the 3 He component by the Pauli principle. 13 The most obvious manifestations of interactions between the 3 He atoms are magnetic properties 14 and corrections to the hydrodynamic mass. Both effects provide interesting problems from the point of view of low-temperature experiments as well as microscopic many-body theory.
The dilute mixture is a particularly attractive system for the theorist because many of the complicated exchange effects that obscure the theory of pure 3 He are negligible. A new effect is that the interaction between 3 He atoms is dominated by the exchange of phonons through the host liquid [14] [15] [16] and therefore depends not only on the relative momentum between the two particles, but also on the momentum of each individual particle relative to the 4 He background. Small perturbations of the ground state of a normal, interacting Fermi liquid are described within Landau's Fermi Liquid theory. 13 The energy E 0 of the system is considered to be a functional of the quasiparticle occupation numbers n k,σ , and the quasiparticle energies are, close to the ground state, given by the variations of that energy with respect to n k,σ . Thus, the quasiparticle spectrum is
For a symmetric ground state, the ǫ (3) (k, σ) are spin-independent; we shall suppress the spin argument whenever possible.
In the mixture, the single particle spectrum consists of two parts. The first is the hydrodynamic interaction of a single impurity atom with the background, leading to the "hydrodynamic effective mass" m * H as discussed in the preceding section. The second part is due to the interaction with other 3 He atoms. Hence, we can split the quasiparticle spectrum (3.1) into two pieces,
Correspondingly, the total effective mass of the 3 He particles is
where k F is the Fermi momentum of the 3 He component. Interactions between the 3 He atoms are, to the extent that the 3 He atoms remain close to the Fermi surface, described by Landau's Fermi liquid ("quasiparticle") interaction which is the second variation
evaluated at the ground state momentum distribution n
The quasiparticle interaction normally contains a spin-independent and a spin-dependent part,
which is also frequently written as
the σ's are Pauli spin matrices. Since the quasiparticle interaction is to be taken for |k| = |k ′ | = k F , it depends only on the angle between k and k ′ , and it is convenient to expand that dependence in Legendre polynomials
The strength of the interaction relative to the kinetic energy is measured by the dimensionless quantities 8) where N(0) is the density of states at the Fermi surface. At this point, the quasiparticle contribution to the effective mass is normally related to the Landau parameter f s 1 or F s 1 . To derive this relationship, one must assume Galileaninvariance of the whole liquid. As already observed by Baym and Pethick, 17 the argument must be treated with caution here because, while the whole mixture is Galilean invariant, the properties of the 3 He component are not invariant against motion relative the 4 He background. This becomes relevant when one attempts to treat the phonon-mediated processes as an effective interaction between the 3 He atoms: As long as this interaction is assumed to be static, it can depend only on the properties of the participating 3 He particles. However, in reality the interaction is dominated by the dynamic exchange of phonons through the background liquid and the motion of the interacting particles relative to that background becomes important. The correct definition of the effective mass is therefore the one of Eq. (3.3); we will explicitly see the effect of the retardation of the quasiparticle interaction in our numerical applications.
The magnetic response is determined by the change of the quasiparticle energy when a magnetic field H is applied. Since the 4 He background does not couple to the spin degrees of freedom, the δǫ (3) (k, σ) depends, to first order in the magnetic field, only on the spinpopulations n k,σ . Hence the usual relationship of Landau theory,
between the F a 0 and the spin-susceptibility is applicable. In order to separate the hydrodynamic "backflow" effect from the Fermi liquid interaction, we have defined here χ * σ,ideal as the Pauli susceptibility for 3 He particles with mass m * H .
A. Variational Fermi Liquid Theory
Landau's Fermi liquid theory is phenomenological in the sense that it relates Fermi liquid parameters to physical observables, and derives relationships between different physical observables, but it makes no statements on how to compute these quantities. Methods to calculate the quasiparticle excitations and interactions from the underlying Hamiltonian (1.1) of the system are provided by microscopic many-body theory.
At the level of the variational theory, the single particle excitation spectrum is calculated by allowing for an occupation of single particle orbitals n k,σ in the Slater function Φ 0 that is different from the Fermion ground state n (0)
k . The graphical analysis of the functional derivatives has been carried out in Ref. 18 ; the variational single-particle field u(k) has the general form
where U 0 is a constant determined by the chemical potential, and u(k) a momentum dependent average field. In the present dilute case, the average field can be written in the form of a Hartree-Fock field
where ℓ(x) = 3 j 1 (x)/x is the Fermi exchange function familiar from Hartree-Fock theory, and W eff (r) is a local effective interaction which can be constructed diagrammatically by the summation of (F)HNC diagrams in the mixture. 2, 18 For further reference, we also formulate the average field in momentum space,
In the same approximation, the quasiparticle interaction can also be expressed, up to an additive constant, in terms of the effective interaction W eff (r):
The constant first term in Eq. (3.13) comes from the variation of U 0 with respect to the occupation number n k,σ ; it is related to the compressibility of the 3 He component and is therefore not our concern now.
B. Correlated Basis Functions
It has been known for quite some time 19 that the naïve implementation of the FHNC/EL theory (or, for that matter, any variational wave function of the type (1.3)) to the problem of pure 3 He has a number of severe problems. One is that it leads to an effective mass of pure 3 He that is less than one 20 which is in sharp contrast to experiments. 21, 22 Another problem is that it predicts an instability against spontaneous spin-polarization. The physics of mixtures is, of course, entirely different from that of a pure 3 He liquid. But we will see that the technical approximations implicit to the Jastrow-Feenberg wave function (1.3) lead to practically the same problems in the mixture.
The deficiencies of the variational theory are, as we shall see more explicitly below, due to the fact that the wave function (1.3) describes the average correlations between particles quite well, whereas it is insensitive to the specifics of the correlations in the vicinity of the Fermi surface. The cure for the problem is known to be Correlated-Basis Functions (CBF) theory.
5 A complete, non-orthogonal basis of the Hilbert space is built on the ground state wave function (1.3) by defining
where the Φ m ({r
is a complete set of Slater determinants for the 3 He component.
Within the basis Ψ m ({r
, perturbative expansions can be derived in much the same way as in conventional Rayleigh-Schrödinger perturbation theory, and diagrammatic structures like ring-, ladder-, or self-energy diagrams can be defined and summed to infinite order. Note that perturbative corrections are applied to the Fermion components only; this is legitimate since the Jastrow-Feenberg wave function is in principle exact for Bosons, whereas it is not exact for Fermions.
The general strategy of CBF theory has been described in detail in many places; 5 the basic results needed for our analysis have been derived in Ref. 23 . Without going into the details of that theory, we assert that there is a one-to-one correspondence between the compound-diagrammatic elements of the FHNC theory and that of ordinary, Green's functions based perturbation theory. Loosely speaking, CBF theory can be interpreted as a microscopic procedure for the calculation of static effective interactions. For our purpose, the application of CBF theory can be summarized simply by stating that, in the evaluation of the energy, the chain-diagrams of FHNC theory are replaced by the ring-diagrams of the RPA theory, using a diagrammatically defined static effective interaction which we identify with the "particle-hole interaction".
Since we are predominantly interested in variations of the energy, we can formulate the theory in terms of a Green's functions approach where the effective interactions come from the FHNC analysis, examine the relationships between the FHNC and the CBF approximation, and compare the results of different theories.
In perturbative theories, single particle properties are described by a complex self-energy Σ(k, ω); the single particle spectrum ε(k) is obtained from the solution of the equation
If only single phonon coupling processes are considered, the self-energy Σ(k, E) is given in the so-called G0W-approximation
is the free single-particle Green's function and
is the effective, energy dependent 3 He -3 He interaction. In Eq. (3.18), theṼ αβ p−h (q) are the local, particle-hole irreducible interactions, and χ (αβ) (q, ω) is the density-density response matrix. In fact, the G0W approximation is simply the variation of an RPA energy expectation value with respect to a single particle Green's function. The key quantitiesṼ αβ p−h (q) can in principle be defined diagrammatically in Green's functions based theories, but it is impractical to calculate these interactions without further approximations. CBF perturbation theory solves this problem by giving unambiguous prescriptions 2 for the calculation of static approximations for these quantities.
To separate the "hydrodynamic" and the "Fermionic" component of the self-energy, we rewrite the single-particle Green's function as
and the self-energy in the form
The "hydrodynamic" part (3.21) of the self-energy leads, in the dilute limit ρ (3) → 0, to an effective mass that is identical 4 to the one obtained in the previous section in the "uniform limit approximation" derived in Eqs. (2.24) and (2.27 ). This approximation is quantitatively not quite sufficient, but it contains, at a semi-quantitative level, the basic physics of impurity motion, in particular the coupling of the impurity to the excitations of the host liquid. The method of time-dependent correlation functions described in Sec. II introduces a systematic procedure to improve upon this approximation.
Let us now focus on the Fermion term, Eq. (3.22). The energy integration yields the compact form
To calculate the spin-susceptibility we can directly apply Eqs. (3.8) and (3.9) and arrive at
In principle, we would also need to calculate the variation of the kinetic energy t (3) (k−q) with respect to the quasiparticle occupation number n k,σ , but in the dilute limit of the mixture, this quantity is dominated by the hydrodynamic backflow relative to the background and can, to good approximation, be replaced by a free single-particle spectrum with an effective mass m * H . The comparison of Eqs. (3.24) and (3.23) demonstrates the difference between the Landau effective mass that would be calculated from the ℓ = 1 equivalent to Eq. (3.24), and the momentum derivative dε(k, σ)/dk| k=k F . In the latter case, one also includes the momentum dependence of the energy appearing in the effective interactionṼ eff (q, ω − t (3) (k − q)/h). We have now reached the point where the quasiparticle interaction is expressed in terms of a local, but energy dependent effective interaction very similar to the FHNC theory, cf. Eq. (3.13). The relationship to Eq. (3.12) is now apparent: Σ F (k, ω) could be rewritten as a Hartree-Fock expression of the form (3.12) if the effective interactionṼ eff (q, ω) were energy independent. The question that arises naturally is what the relationship between the energy-independent effective interactionW eff (q) and the energy dependent interactioñ V eff (q, ω) is. We will address this question in the next subsection.
C. Connection between HNC and CBF Theories
We here outline the general manipulations that lead from the compound-diagrammatic elements of the (F)HNC theory to the Green's functions expressions. The construction of energy-independent, local effective interactions is one of the key steps in the Feynmandiagram based parquet-diagram theory 26, 27 that is needed to show the equivalence to the HNC/EL theory, and we shall demonstrate here that the relationship between (F)HNC and parquet theory reach actually farther than expected.
For simplicity, we restrict our derivation to the case of two interacting 3 He impurities within the 4 He host liquid. In this case, we need to retain only the 44-channel of the response function. In this limit, the effective interaction is
The prescription from parquet-theory to make this energy-dependent interaction local is as follows: Construct the RPA static structure function
is the response function of the non-interacting 3 He gas. Also, construct the ladder approximation for the same quantity in terms of a different and yet unspecified local effective interaction, sayṼ L (q)
Now choose an average frequencyω(q) such that these two forms of the static structure function are identical forṼ
One obtains
This is the generalization of the expression given in Ref. 27 to a dilute 3 He -4 He mixture. Insertinghω into the energy-dependent effective interaction leads directly to the FHNC approximation (3.11), in other words
This final part is of a somewhat technical nature and requires the full (F)HNC formalism, in particular its use to calculate effective interactions for use in CBF theory 23,2 and the connections with the optimization problem; it is therefore skipped here.
The equivalence (3.31) is the second essential theoretical result of this paper. The result is remarkable in the following sense: The concept of an "average energy" has been introduced in Refs. 26 and 27 for a one-component Bose liquid, and for finding a local approximation for the chain diagrams for the purpose of summing ladder diagrams. We find here -as in Ref. 2 -that the very same concept applies also in a different situation, namely in demonstrating the relationship between the quasiparticle interaction in FHNC theory and in the RPA. We stress that this result is an observation on how the static FHNC approximation and the G0W approximation of the self-energy are related. It does not mean that the FHNC approximation, which has been derived from looking at the static structure function, and which is capable of reproducing the static structure function with very good accuracy, is also adequate for the calculation of single-particle properties and Fermi liquid effects.
IV. APPLICATIONS A. Hydrodynamic Effective Mass
The first task is the calculation of the hydrodynamic effective mass. This quantity describes the interaction of a single impurity atom with the 4 He background. Due to the high density of the background, the G0W approximation recovers only about 80 percent of the effect and the more complete treatment of the time-dependent pair correlations described in Sec. II improves this result considerably.
One of the formal results of our analysis is that the equations (2.21), (2.13) and (2.22) treat the phonon-roton spectrum as a Feynman-type spectrum,
which is known to lie by a factor of two too high in the roton region. To include the backflow correction also into the motion of the 4 He particles one should add fluctuating triplet correlations into the wave function (2.3) and solve the triplet continuity equation. This leads to a rather complicated integral equation with uncertainty in the treatment of the four-particle distribution function. The hierarchy of continuity equations must be truncated at some tractable level. A reasonable shortcut is to modify the integral equation (2.21) and the self energy (2.13) by using the experimental phonon-roton spectrum in ǫ (4) (k), replacing the impurity mass by its effective mass in the impurity kinetic energy term, t (3) (k), and then ignoring the higher order correlations. For the triplet distribution function we have used the convolution approximation together with the triplet correlation function as described in the Appendix.
2 The self-consistent solution of Eq. (2.24) leads to a rather good prediction of the hydrodynamic effective mass over the whole density regime that is experimentally accessible. The results are shown in Fig. 1 together with Table  I , which will be discussed in the next section.
Next we need to determine the momentum dependence of the hydrodynamic effective mass; it is necessary to study this effect because at finite concentration the particles at the Fermi surface have a finite momentum. For that purpose, we have calculated the dispersion relation from Eq. (2.12) and have determined the "momentum dependence" of the hydrodynamic mass by writing the spectrum in the form
In Fig. 2 we plot the quantity
which turns out to be constant for a wide momentum range implying quadratic momentum dependence of the effective mass. Our value of this constant is 0.114 at zero pressure. It has also been estimated experimentally by Fåk et al.. 30 They find the value 0.114±0.01 at the pressure P=0.1 atm and 1% concentration by fitting the momentum dependence of the spectrum in the range 0.9Å −1 < k < 1.65Å −1 . This is in very good agreement with our result. The density dependence of this constant is weak both in our calculations and in experimental analysis. A slightly larger value 0.19 was obtained recently by Fabrocini and Polls 31 . That is due to the fact that their calculated spectrum is slightly softer and ours. Different parametrizations of the experimental spectra for k ≤ 1.7Å have been suggested.
32,33 Fig. 3 shows a comparison between our dispersion relation and these parametrizations. Our spectrum is only slightly stiffer, but the agreement appears to be satisfactory for all practical purposes.
B. Damping of Impurity Motion
At higher momenta and associated energy, it becomes kinematically possible that the 3 He decays into a roton and a lower energy impurity mode. At this point, the self energy becomes complex and no solution for the pole equation (2.12) can be found. 34 The dynamic structure function has no longer a delta function peak; instead the energy is distributed over a range of modes. Therefore for momenta k ≥ 1.7Å we plot in Fig. 3 the maximum of the dynamic structure function, which shows that the impurity mode crosses the phononroton spectrum smoothly. The peak broadens substantially before the second crossing at k ≈ 2.25Å.
The pole strength defined in Eq.(2.20) is calculated by numerically differentiating the self energy. That is very reliable because the self energy is a smooth function of ω in that frequency range. The results are plotted in Fig. 4 . As pointed out in Eq.(2.26) its long wavelength limit is inversely proportional to the effective mass. The monotonically decreasing behavior with decreasing wavelength is partly due to the increase of the effective mass, also shown in the figure, and partly due to the increasing contribution of the phononimpurity channels at higher frequences. Fåk et al. 30 have measured the area under the particle-hole peak of the 1% concentration mixture for the momentum range 0.9Å −1 < k <1.65Å −1 . These results shown in Fig.4 are in very good agreement with our calculations. The measurements with 5% concentration suggest only a weak concentration dependence and thus the comparison with the zero concentration limit calculations is justified.
In Fig. 5 we show the grey scale plot of the low energy part of the S(k, ω) for ω < 25 K. The pole contribution of the elementary excitation mode has been artificially broadened by convolution with Gaussians in such a way that the area under the peak is equal to the strength of the pole. In the figure we also show the experimental phonon-roton spectrum and the continuum boundary. The elementary excitation mode crosses that boundary at 1.72Å −1 and the decay into a roton becomes possible. The dominant peak in S(k, ω) crosses the phonon-roton spectrum and looses its strength to higher lying modes. The mode slightly above 20 K is clearly visible in the figure.
Damping of the impurity motion in the roton region is more clearly shown in Fig. 6 . There we plot S(k, ω) as a function of ω for some typical values of k = 1.9, 2.1 and 2.3Å −1 . The peak, which is a delta function when k <1.72Å −1 broadens and looses its strength when the roton minimum is past. In Table II we give the half widths of those peaks. From them we can estimate the life time ∆ of the mode. The mode propagates with the group velocity and from that we can calculate the distance λ the impurity can travel before it looses its energy to a roton,
The propagation distance is typically a fewÅngströms as also shown in Table II . The penetration depth of a 3 He atom at energies that are high enough such that the impurity atom can couple to the roton are important for the interpretation of recent measurements of the momentum transfer of single 3 He atoms from 4 He clusters 35 . In these experiments, a significant increase of the momentum transfer has been observed that is consistent with our energies. The very rapid drop of the penetration depth shows that practically all 3 He atoms colliding with a 4 He cluster will be absorbed from clusters as small as 100 atoms, which have a diameter 36 of about 25Å. One of the reasons for this is the comparison of the cluster size with the penetration depth, the other is that the excitation spectrum of even such small clusters is remarkably similar to that of the bulk liquid. The argument does not yet include the inelastic coupling of the impurity atom to the lower-lying surface excitations, which can be sizable 37 .
C. Fermi Liquid Effective Mass
We now turn to our microscopic calculation of Fermi liquid effects. The necessary ingredients of the theory -the effective interactionsṼ (αβ) p−h (q) andW eff (q) as well as the Feynman spectrum ǫ (4) (k) -have been obtained in Ref.
2. There are two sets of accurate experimental data, those of Yorozu et al. 28 and those of Simons and Mueller. 29 These experiments differ by the pressure normalization, but lead otherwise to very similar results.
Clearly, the effective mass is dominated by the hydrodynamic backflow as calculated above. To eliminate any uncertainty caused by inaccuracies in that calculation, we have, for the further calculations, not used the theoretical values obtained in Section II and shown in Figs. 2 and 3, but rather considered the zero-concentration limit of the hydrodynamic mass as a phenomenological input. After the concentration dependence was calculated from the Fermi liquid contributions as described below, we have fitted our theoretical values to the experiments of Refs. 28 and 29 to optimize the overall agreement and then calculated the zero-concentration extrapolation.
Three calculations have been carried out to determine the Fermi liquid contributions to the effective mass of the 3 He component as a function of concentration and pressure. The first calculation applied the simple FHNC/EL theory and the static effective interaction (3.12). To account for the hydrodynamic backflow, one must supplement the Fermion contribution (3.10) by the hydrodynamic contributionhω H (k); then the spectrum has the form
where the Fermi correction u(k) is given in Eqs. (3.11), (3.12). When treated this way, the concentration dependence of the effective mass derived from the spectrum (4.4) is visibly steeper than the experimental one, as seen in Figs. 7 and 8.
In the next step, we calculate the effective mass usingṼ eff (k, 0) as quasiparticleinteraction equivalently, settingω = 0 in Eq. (3.31). This form of the self-energy relaxes the approximations made by the FHNC theory since it takes the effective interaction at the Fermi surface and not at an average energy. We see in Figs. 7 and 8 that the agreement with the experiment is indeed improved; the approximation recovers about half of the discrepancy between the FHNC approximation and experiments.
Finally, we have carried out self-consistent calculations of the effective mass. It is sufficient for that purpose to assume a single-particle spectrum of the form t (3) (k) =h 2 k 2 /2m * in the Green's function (3.17) and, consequently, in Eq. (3.23); note that the hydrodynamic mass is included in the Green's function. This effective mass is then determined self-consistently by requiring that the spectrum ǫ (3) (k) determined by
can be fitted by the same effective mass that has been used in the self-energy. This calculation provides a very good agreement with the experimental data as seen in Figs. 7 is its value at the saturation vapor pressure. Typically, the discrepancy between the two different extrapolations is 0.03. These extrapolated hydrodynamic masses are shown, together with our theoretical calculation of Sec. II, in Fig. 1 . The theoretical values are throughout the full density regime about 0.05 below the experiments which is quite satisfactory given the level of approximations.
To produce Figs. 7 and 8 we have used -as stated before -the hydrodynamic mass given in Eqs. (4.6) and (4.7). Since the calculations were done for fixed densities at each concentration and the experiments were done for fixed pressure, we have used the experimental pressure-density relation of Ref. 1 to make the conversion. Our calculations predict, at low concentration, a visible curvature of the effective mass as a function of concentration, similar to the predictions of Bashkin and Meyerovich.
14 Hence, we are not convinced that linear extrapolations are a legitimate means to determine the hydrodynamic mass unless concentrations are significantly lower than those examined in Ref. 29 . Such a curvature is implicit to the Fermi functions. Already the simple approximation (4.4) would lead to a behavior
The numerical coefficients a . . . d can be calculated from the moments of the potential, but such an expansion provides valid results only for very small concentrations and a global fit of the form (4.8) to the calculated data is more accurate. In Table III 29 The slight downward curvature of the effective mass indicates that such a drop will happen eventually; again the same conclusion can be drawn from the analytic form (4.4), but it does not happen at the experimentally accessible stable concentrations.
D. Magnetic Susceptibility
We base our analysis on the susceptibility measurements by Ahonen et al.. 39 The spin susceptibility of the 3 He component is determined by both the effective mass and the quasiparticle interaction in the spin channel, 15, 16 cf. Eq. (3.9), see also Ref. 14 for further discussion. To extract the antisymmetric Landau parameter F a 0 from the spin susceptibility, the effective mass must therefore be known from an independent measurement. Again, one finds that the spin susceptibility is vastly dominated by the one of the free Fermi gas of particles with an effective mass m * H , and one needs very accurate measurements to extract information on the quasiparticle interaction. Ref. 39 has used the best values for the effective mass available at that time 40 to calculate F a 0 from Eq. (3.9). To turn to the theoretical description, let us first look at the full magnetic susceptibility obtained from Eq. (3.9) and the effective interactions determined from our microscopic theory. Parallel to the effective mass calculation, we use both the static effective potential W eff (q) and the RPA effective interactionṼ eff (q, 0) to calculate the spin susceptibility. The experimental data were given on an arbitrary scale, we have therefore scaled each of our sets of results with a global factor to provide the best overall fit to the data for the concentrations 0.27% and 1.33%; the results are shown in Fig. 9 . For comparison, we also show the susceptibilities that one obtains from a free Fermi gas approximation with the effective mass calculated in the preceding section. Up to five percent concentration, the results look satisfactory; the theoretical results from the dynamic theory and those from the free Fermi gas approximation basically bracket the experimental data. There are some deviations at the phase separation concentration; here the free Fermi gas model is somewhat worse than the dynamic interaction. These deviations can, on the theoretical side, be caused by the fact that the convergence of our FHNC approximations becomes worse at higher Fermion concentration. Part of the disagreement is also because the data at lower pressures are given the phase-separation concentration and only those at higher pressures at 8.8 %. The limiting solubility at zero pressure is approximately x = 0.065 39 and increases until it reaches a maximum of about x = 0.095 near 10 atm. The theoretical calculations were, on the other hand, all done at 8.8 % concentration.
A remarkable result is that the susceptibilities derived from the static interactionW eff (q) are clearly poor. In fact, the independent particle approximation provides better agreement with experiments than the static variational theory. This is not entirely unexpected in view of the above analysis of the effective mass, and also in view of the much more severe deficiencies of the Jastrow-Feenberg wave function for magnetic properties of pure 3 He.
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The purpose of the points made above was to raise a general awareness of the difficulty of obtaining information beyond the effective mass from susceptibility data in mixtures; this difficulty has already been pointed out by the Ahonen et al.; further concerns on the precision of the pressure normalization of that work were raised by Rodriges et al. 41 . To extract the Landau parameter F a 0 from these data, we have followed the procedure of Ahonen et al., but also used the more recent effective masses data of Refs. 28 and 29 discussed above. The resulting Landau parameter F a 0 is shown, together with the original data of Ref. 39 , those obtained from the raw data with the effective mass fit (4.7), and our theoretical results, in Fig. 10 . Obviously, the conclusions one can draw from the same measurements depend visibly on what effective mass is used to extract F a 0 from the spin-susceptibility. The agreement between theory and experiment is significantly improved by using the more recent effective mass data. There is still some vertical offset but the concentration dependence of our theoretical results is in fact quite good; the theory predicts a somewhat stronger concentration dependence of F a 0 than is seen experimentally. Most of the remaining disagreement can be removed by using a slightly different hydrodynamic effective mass. To demonstrate this, we have repeated the procedure of the preceding section and fitted the hydrodynamic effective mass such that, at finite concentrations, the theoretical Landau parameter is reproduced. The best fit to the data is reached by choosing the hydrodynamic effective mass ratios given in the last column of Table I . It appears that, apart from a slightly larger curvature suggested by theory, there is little room for improvement. It is clear that any attempt to extrapolate an effective mass from available susceptibility data is uncertain because there are simply not enough data available to carry out such extrapolations with confidence.
In this connection we also would like to stress the rather strong concentration dependence in the low-concentration regime. It indicates that, for the purpose of extracting F a 0 from susceptibility measurements, even a concentration of 0.27% is far from the dilute limit. Note that -if one assumes no readjustment of the hydrodynamic mass -the concentration dependence of F a 0 as x → 0 must be assumed to be even stronger. Similar to the effective mass, the concentration dependence of the Landau parameter F a 0 is most clearly discussed by writing Eq. (3.24) in coordinate space:
One source of the concentration dependence of F a 0 is kinematic dependence coming from the explicit appearance of the Fermi wave number k F in Eq. (4.9), which is caused by the Pauli principle, as well the effective mass ratio in front of the integral. The second is the implicit dependence of the effective interaction V eff (r, 0) on the concentration. We found, however, that this dependence is negligible within the experimentally accessible regime under consideration here, and that V eff (r, 0) is quite well represented by the interaction between a single pair 3 He atoms within the host liquid. In other words, the concentration dependence is almost entirely due to the kinematics dictated by the Pauli principle.
The coordinate-space representation (4.9) suggests a concentration expansion similar to Eq. (4.8) for the antisymmetric Landau parameter. Since Eq. (4.9) suggests a natural factorization into an effective mass ratio and an interaction term, we expand
The density-dependent parameters entering this fit are given in Table IV . From the form of our results shown in Fig. 10 it appears that the first two coefficients should suffice; inclusion of two more terms improves the fit slightly. In principle, one can obtain the first two coefficients from moments of the effective interaction. In practice, however, only the x 1/3 term gives a faithful approximation of our results up to 1.33 % concentration.
Effective quasiparticle-interactions have in the past been discussed and parameterized mostly in momentum space. 42, 43 This seems to be appropriate because the quasiparticle interaction is indeed a low-momentum property of the effective interaction. On the other hand, the properties of these interactions are more intuitively described in coordinate space. The effects that contribute to the effective interaction have been discussed by Aldrich, Hsu, and Pines; 44, 38 these are (a) core exclusion due to short-range correlations, (b) an increase of the core-size due to the kinetic energy needed to bend the relative wave function to zero within the core, and (c) an increased attraction due to the presence of other particles in the area where the potential is most attractive. We show the effective interactions entering Eq. (4.9) as a function of density at 5 % concentration in Fig. 11 ; the underlying bare Aziz-potential 3 is also shown for reference. All the effects predicted by Aldrich and Pines are clearly seen in Fig. 11 . We also note that these overall features of the potential are quite resilient; the density dependence of the interaction is relatively weak and the concentration dependence practically invisible on the scale of Fig 11. On the other hand, the differences between the "dynamic" and the "static" (FHNC) approximations are larger than the variation of the potentials over the experimentally accessible density regime of interest here.
Finally, a word is in order concerning the behavior of the dynamic interaction within the core region. V eff (r, 0) should be zero in this regime. In practice, it does not vanish vanish, this is due to the "RPA"-like approximation (3.25) for the induced interaction. To be completely consistent, one would have to solve the ring-and ladder diagrams self-consistently using the full Fermion propagators, and not the "collective" approximation. This task has not been accomplished yet. We have therefore set the interaction V eff (r, 0) to zero within the core region. Doing so or not has no visible consequence, which lends credibility to our CBF treatment that introduces the correct particle-hole propagators a posteriori in a perturbative way.
E. Scattering Matrix and Phase-Shifts
To study the transport phenomena and potential superfluidity of the 3 He atoms in the medium, one needs to consider the scattering of two 3 He atoms at momenta k and k ′ . Again, we must consider both the hydrodynamic backflow, and the direct interaction which is dominated, for long distances, by phonon exchange and for short distances by the bare interaction between particles.
14,43 A series of experiments to find a superfluid phase transition of the 3 He component [45] [46] [47] exhibit no evidence of superfluidity down to a temperature of about 100 µK; theoretical estimates 48, 49 of the transition temperature range over several orders of magnitude.
Our calculations are similar to those of Owen, 48 but use the more accurate ground-state results of Ref. 2. The interaction entering the scattering equation is not the same as the one used above for the calculation of Fermi liquid parameters. The reason for this is that in the above calculation, short-range correlations are included by calculating the "parallelconnected" diagrams or, in the language of perturbation theory, the "ladder diagrams". In the scattering equation, these short-range correlations are dealt with by solving an effective Schrödinger equation which reduces, for the case that both scattering particles are in the many-body ground state, to the Euler equation of the ground state theory. The scattering equation is
where V scat (r) = V (r) + ∆V e (r) + w I (r) .
(4.12)
Here, V (r) is the bare potential, w I (r) the "induced interaction" of the FHNC theory, and ∆V e (r) a correction due to elementary diagrams and triplet correlations. In the dilute limit, the pair-distribution function g 33 (r) between pairs of 3 He atoms is given by the zero-energy equation The only difference to Owen's work is so far that we have included elementary diagrams and triplet correlations in the ground state, and hence the induced potential w I (r) also changes. The effective potential is shown, for three representative densities, in Fig.  12 . Again, this effective interaction is almost independent of the 3 He concentration; the quasiparticle scattering potential depends therefore on the density and not on the concentration. Although technically not necessary, it would be acceptable to use (as Owen) the low-concentration limit of the effective interaction to calculate scattering phase shifts.
One might now be led to argue that the w I (r), which describes phonon exchange, should also be a dynamic, energy-dependent interaction as discussed above. This is in principle correct, but unfortunately there is presently no practical way include such dynamic effects. The reason for this is that the ground state equation (4.13) states that g 33 (r) is a zero energy solution of the scattering equation (4.11) . Changing the induced interaction a posteriori leads to an inconsistent low-energy behavior of the solution and to spurious bound states. Hence, a better calculation must await the developments of a complete parquet-diagram theory that includes energy-dependent interaction all the way through the diagram summations.
Returning to the original problem, we have solved the scattering equation (4.11) as a function of energy in the ℓ = 0, 1, and ℓ = 2 channels. The corresponding phase shifts δ ℓ are shown, as a function of density, in Fig. 13 .
The definition of the scattering amplitude is 14) where k = √ 2m 3 E/h is the relative momentum. The most interesting application of our results is the estimate of a potential superfluid phase transition. Manifestly microscopic many-body theory is still at a rather unsatisfactory state when it comes to predicting a superfluid phase transition in 3 He, and the mixture problem is no exception, possibly because of the lack of a self-consistent parquet-like theory. At this point, we can only use the scattering phase shifts in a weak-coupling approximation to estimate the critical temperature of the phase transition. Fig. 15 for two representative densities. The general trend is that the critical temperature for p-wave pairing increases strongly with concentration, while the temperature for the s-wave decreases; this is mainly due to the explicit appearance of the Fermi momentum in Eq. (4.15) and the resulting dependence of the scattering matrix elements T ℓ (E). T c decreases with increasing pressure which can also be seen from the decrease of T 0 shown Fig. 14 as function of the energy.
Our results are an order of magnitude smaller than Owen's which we have reproduced, but significantly larger than the values proposed in Ref. 49 . The difference to Owen's results is mainly due to the smaller scattering matrix elements in both s and p wave channels due to the more quantitative treatment of many-body correlations. However, the wide spread of results demonstrates drastically the very sensitive dependence of the critical temperature on the matrix elements. Therefore, while we believe that the scenario shown in Fig. 15 is qualitatively accurate, we would like to be cautious about the quantitative validity. This is consistent with our calculation; however we prefer to be cautious to call the results of our rather simple calculation quantitative for reasons explained above.
V. SUMMARY
We have in this paper analyzed various procedures for calculating the quasiparticle interaction of the 3 He component in a 3 He -4 He mixture. The technical parts of the calculation were based on the equation of motions method, optimized (F)HNC theory of mixtures and on CBF theory to infinite order. The close relationship between the theories has been discussed.
Our results for the single-impurity spectrum are quite satisfactory. One might object at this point that our use of the experimental phonon-roton spectrum leads us away from manifestly microscopic many-body theory, but we feel that such shortcuts are legitimate to eliminate tedious and unrewarding computations whose outcome is basically known.
Turning to the Fermion aspect of our calculations, we have seen that the naïve FHNC theory is generally unsatisfactory for the prediction of Fermi liquid effect compared with level of accuracy that has been obtained for the microscopic calculation of ground state properties of simple quantum liquids and quantum liquid mixtures. We have also noted a systematic, stepwise improvement of the theory when dynamic and Fermi surface specific effects are included.
The situation is clearest for the magnetic susceptibility where the FHNC approximation takes the effective interaction at the energyhω(k) whereas it should have been taken at zero energy. We stress that this is not a shortcoming of the (F)HNC theory which is a specific method to sum large classes of diagrams. It is a problem of the Jastrow-Feenberg function per se. It is also clear how infinite order CBF theory resolves the problem in a natural and elegant way, whereas it would be quite difficult to describe the same physics by attempting to construct "better" variational wave functions for the ground state. The same effect is also the explanation for both the miserable 20 performance of simple variational wave functions for the effective mass in pure 3 He, and for why magnetic properties of pure 3 He are not well described by the naïve application of variational wave functions. The power of the CBF approach lies in the possibility of combining two generic many-body methods: Green's function concepts are used for the examination of subtle, energy dependent effects and variational methods for the unambiguous determination of static effective interactions whenever such interactions are appropriate.
In conclusion, it appears that one understand the concentration dependence of the two Fermi liquid parameters F a 0 and F s 1 reasonably well with a local quasiparticle interaction if retardation effects are included. The remaining discrepancy between our results for the effective mass and the magnetic susceptibility seems to prevail at even very low concentrations where Fermi liquid effects are particularly well described by our theory. The situation becomes even more disturbing considering the fact that the data at 0.27 % and 1.33 % concentration seem to indicate a smaller curvature than theory, which should then turn steeper in order to reach the independent particle limit F a 0 (x) → 0 as x → 0. The simpler explanation is that the extrapolations to zero concentrations are too uncertain. For more accurate statements about the agreement (or disagreement) between theory and experiment, one should have many more susceptibility data especially at low concentrations.
The next step in the theoretical procedure would be the summation of properly antisymmetrized exchange diagrams as suggested by Babu and Brown. 50 But in view of the above discussion and the very high accuracy that is needed to extract the first antisymmetric Landau parameter from susceptibility data it might well be worthwhile to reconsider these experiments. as a function of pressure P and concentration x. The full curve is the fully self-consistent result, the dotted curve is the result without retardation effects, i.e. using the same quasiparticle interaction as in the spin-channel. The short dashed curve the static approximation. Symbols with error bars refer to the data of Ref. 
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